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ANALYSIS OF P€@SSURIZED AND AXIALLY LOADED 
ORTHOTROPIC MULTICELL TANKS 
By Robert E. Blum 
Langley Research Center 
SUMMARY 
Expressions f o r  nondimensional s t r e s s  resu l tan ts  and displacements are 
derived f o r  mul t ice l l  tanks of orthotropic construction loaded by i n t e r n a l  
pressure and a x i a l  compression, where the  net  a x i a l  load i s  assumed t o  be below 
the  buckling value. The present analysis  removes an incompatibil i ty appearing 
i n  a previous solution f o r  i so t ropic  tanks. 
s t resses  obtained from the  present analysis  d i f f e r  s ign i f icant ly  from previous 
resu l t s ;  however, a l l  t he  other s t resses  a re  i n  complete agreement. The cor- 
rected a x i a l  s t resses  a re  presented i n  the  form of curves. 
For i so t ropic  tanks the  a x i a l  
INTROINC T I  ON 
Mult icel l  pressure vessels  m a y  f ind  appl icat ion as f i e 1  and oxidizer tanks 
i n  large launch vehicles.  This appl icat ion represents a departure from the  
conventional c i rcular-cyl indrical-shel l  pressure vessels  commonly used i n  such 
applications a t  t he  present time. A sketch of a cross section of an eight-lobe 
mul t ice l l  tank composed of thin-walled p a r t i a l  c i r cu la r  cy l indr ica l  she l l s  and 
r a d i a l  webs i s  shown i n  f igure  1. In  general, t he  p a r t i a l  cylinders and r a d i a l  
w e b s  may be of unstiffened, s t i f fened,  or sandwich construction. 
A primary motivation f o r  considering the  mul t ice l l  tank i s  the  e f f i c i e n t  
s t ruc tu ra l  use of t he  r a d i a l  webs. Whereas the  separate slosh baf f les  required 
i n  conventional cy l indr ica l  tanks cons t i tu te  la rge ly  p a r a s i t i c  weight, t he  
r a d i a l  webs i n  a mul t ice l l  tank reduce f u e l  sloshing while providing addi t iona l  
s t ruc tu ra l  strength.  Preliminary s tudies  (refs.  1 and 2) ind ica te  t h a t  t he  use 
of mul t ice l l  tanks i n  large launch vehicles can provide a s igni f icant  weight 
saving over t he  use of conventional cy l indr ica l  tanks. This weight saving i s  
due not only t o  the  elimination of separate slosh baf f les ,  but a l so  t o  more 
shallow bulkheads r e su l t i ng  i n  l i g h t e r  t r a n s i t i o n  sect ions between tanks.  
Expressions f o r  t he  stresses and deformations i n  a pressurized mul t i ce l l  
I n  t h a t  analysis ,  tank of i so t ropic  construction are derived i n  reference 3 .  
t h e  resu l t ing  a x i a l  s t r a i n s  i n  the  p a r t i a l  cylinders and radial webs are not 
compatible because the  assumption i s  made t h a t  t h e  a x i a l  s t r e s ses  are uniformly 
d is t r ibu ted  and equal i n  the  p a r t i a l  cylinders and r a d i a l  webs. 
The purpose of the present paper is to present an analysis for multicell 
The multicell tank is assumed to be long enough so that a state of 
tanks of orthotropic construction loaded by internal pressure and axial com- 
pression. 
uniform strain exists over the cross section; thus, the strain incompatibility 
appearing in reference 3 does not appear in the present analysis. With linear 
cylindrical-shell theory used as the basic mathematical tool, nondimensional 
expressions for stress resultants and displacements are derived, and results 
obtained are compared with results from reference 3 for isotropic tanks. 
SYMBOLS 
a radius of partial cylinders 
"11?"12,* * - coefficients in equation (32) 
X 
Ew , r J E W ,  x 
thickness of homogeneous partial cylinders and radial webs, 
re spec ti vely 
uniform internal pressure 
displacement in @-direction and normal displacement (posi- 
tive inward), respectively, of the partial cylinders 
axial coordinate 
3 C1, K# C2, and - '$ EX, respectively 
Pa Pa Pa 
constants in equation (32) 
constants of integration in equations (22) and (23) 
hoop bending stiffness of partial cylinders 
elastic modulus of partial cylinders in hoop and axial 
directions, respectively 
elastic modulus of radial webs in radial and axial direc- 
tions, respectively 
2 
- Ew , rhw 
Kw,r  - - vw,xvw,r) 
Nw , r JNw, x 
vw,x>vw, r 
hoop bending-moment, hoop membrane-stress, a x i a l  membrane- 
s t r e s s ,  and a x i a l  bending-moment resu l tan ts ,  respectively,  
i n  p a r t i a l  cylinders 
stress r e su l t an t  i n  r a d i a l  w e b s  i n  radial  and a x i a l  direc-  
t i ons ,  respect ively 
ex terna l  a x i a l  compressive load 
hoop t ransverse shear s t r e s s  r e su l t an t  i n  p a r t i a l  cylinders 
ha l f  angle between radial  webs 
hoop s t r a i n  i n  p a r t i a l  cylinders 
radial s t r a i n  i n  radial webs 
constant a x i a l  s t r a i n  
half  a r c  angle of p a r t i a l  cylinders 
Poisson's r a t i o s  f o r  p a r t i a l  cylinders associated with a x i a l  
stress and hoop s t r e s s ,  respect ively 
Poisson's r a t i o s  for radial  webs associated with a x i a l  
stress and radial stress, respect ively 
V Poisson's r a t i o  f o r  i so t ropic  tanks 
3 
hoop coordinate 
hoop-curvature change i n  p a r t i a l  cylinders 
ANALYSIS 
One lobe of the  mul t ice l l  tank studied i s  shown i n  f igure  1. The th in-  
walled p a r t i a l  c i r cu la r  cy l indr ica l  s h e l l s  and r a d i a l  webs a re  of orthotropic 
Figure 1.- One lobe of mult icel l  tank studied and sketch of cross section of eight-lobe tank. 
construction. 
pression, where the  net  a x i a l  load i s  assumed t o  be below the  buckling value. 
Each lobe i s  loaded by uniform i n t e r n a l  pressure and a x i a l  com- 
4 
The mul t ice l l  tank i s  assumed long enough so  t h a t  a state of uniform axial 
i s  constant, s t r a i n  e x i s t s  over t he  cross section. Then, the  a x i a l  s t r a i n  
and the  s t r e s s  resu l tan ts  ac t ing  on elements of t he  p a r t i a l  cylinders and 
r a d i a l  webs do not vary i n  the  a x i a l  direct ion.  
resu l tan ts  a re  indicated on cylinder and web elements i n  f igure  2. 
These stress and moment 
Figure 2- Stress resultants acting on  elements of partial cylinders and radial webs. 
Equilibrium Equations 
For constant a x i a l  s t r a in ,  equilibrium equations for t he  p a r t i a l  cylinders 
a r e  (see, f o r  example, r e f .  4): 
Force equilibrium i n  the  fl-direction: 
Force equilibrium i n  the  normal direction: 
Moment equilibrium: 
( 3 )  
Two additional equilibrium conditions are required for the radial stress 
resultants in the webs and the axial stress resultants. Force equilibrium at 
the junction of the partial cylinders 
- 
and radial webs requires that 
Overall force equilibrium in the axial direction gives 
2aLeN, + sin a +€q  -?Px ( 5 )  - a)sin e sin a a sin 8 Nw,x = Pa 
Stress-Resultant-Strain, Strain-Displacement, 
and Reciprocal Equations 
The homogeneous orthotropic stress-resultant-strain equations for the 
partial cylinders are: 
and the moment-curvature equation is: 
M@ = -D@Xgj 
Similar expressions for the radial webs are: 
6 
and 
When displacements a r e  assumed t o  be appropriately small, the  s t r a in -  
displacement equations f o r  t he  p a r t i a l  cylinders are (see,  for example, ref. k).:  
Hoop s t r a i n  displacement 
€# = -( 1dJ - .) 
a d# 
Curvature displacement 
X# = $@ + $) 
I n  addition t o  the  preceding equations, t he  following reciprocal  re la t ionships  
must hold among the  e l a s t i c  constants a s  a r e s u l t  of assuming orthotropic 
con s t  r u c t i  on : 
Boundary and Symmetry Conditions 
Three boundary conditions a r e  t o  be imposed on the  displacements i n  t h e  
p a r t i a l  cylinders a t  t he  junctions with the  radial webs: 
a normal t o  the  middle surface of t he  cylinder must be zero, t h a t  i s ,  t he  cyl-  
inder i s  clamped, (2 )  t h e  resu l tan t  displacement must be i n  the  plane of t he  
r a d i a l  w e b s ,  and ( 3 )  the  resu l tan t  displacement must equal the  constant r a d i a l  
displaxement of t he  webs. These conditions are expressed mathematically a s  
follows : 
(1) the  ro ta t ion  of 
( % + v )  = o  
#=e 
where, equation (16) has been used t o  simplify equation (17). 
symmetry of the  problem i s  expressed by: 
In  addition, t h e  
So l u t  i on of Equa t i on s 
Equations (1) t o  (12) cons t i tu te  a system of twelve equations i n  twelve 
N@ 
unknowns, t h a t  i s ,  two displacements, v and w; s i x  stress resu l tan ts ,  
Nx, M$, 9, N w , r ,  and NJq,x; and four  s t r a ins ,  cX, E$, E ~ , ~ ,  and X$.  
Using equation (3) t o  eliminate 
t h e  resu l t ing  equations fo r  BT$ and M$ i n  terms of v and w by using 
equations ( 6 ) ,  (8), (ll), and (12) gives the  following sixth-order s e t  of dif- 
f e r e n t i a l  equations: 
from equations (1) and (2 )  and expanding 
where 
8 
Equations (20) and (21) are integrated t o  give: 
- 
cos @ - @ s i n  + C 2  cos @ - + avXEX (23) 
K6 
w = cl(& s i n  8 + - 
l + k  
where the  conditions of symmetry given by equations (18) and (19) and the  
clamped condition given by equation (15) have been imposed on the  displacements. 
The constants C 1  and C 2  and the  a x i a l  s t r a i n  are determined by 
u t i l i z i n g  the  boundary conditions (eqs.  (16) and (17))  and the  a x i a l  equi l ib-  
r i u m  condition (eq. ( 3 ) ) .  I n  order t o  accomplish t h i s  task ,  it i s  convenient 
f i r s t  t o  write the  expressions f o r  t he  six stress resu l tan ts  i n  terms of the  
solution (eqs.  (22) and (23 ) ) .  The s t r e s s  resu l tan ts  can be expressed i n  terms 
of C 1 ,  C 2 ,  and by using the  strain-displacement equations (eqs.  (11) 
and (12 ) ) ,  t h e  s t r e s s - s t r a in  equations (eqs. (6)  t o  ( l o ) ) ,  t he  reciprocal  equa- 
t i ons  (eqs.  (13) and (14) ) ,  t he  first d i f f e r e n t i a l  equation of equilibrium 
(eq. (l)), and the  junction equilibrium equation (eq. ( 4 ) ) .  When the  nondimen- 
s iona l  constants A 1  = - ’C 1 ,  A 2  = - ’C 2 ,  and A 3  = 2 E~ a re  introduced, 
Pa2 Pa2 Pa 
the  nondimensional displacement and stress resu l tan ts  are:  
(25) - ‘6 w = AI(- + - - cos @ - 6 s i n  + A 2  cos 6 + vxA3 - 1 2 s i n  0 
Pa2 l + k  l + k  
2k 
l + k  
N 
Pa 
= 1 + - A 1  COS @ 
!?- = L t o s  @ - g-)Al s i n  8 
pa2 1 + k 
I 
- _ - -  Q$ - 2k ~1 s i n  a 
Pa l + k  
- -  - 2 s i n ( @  - a )  -  4k ~1 s i n  a N w , r  
Pa l + k  
NX - -=  V X ( 1  + - 2k A 1  cos @) + 2.l - v@vX)Aj  
Pa l + k  
Evaluation of Remaining Constants 
The constants A i ,  A2, and A 3  are determined by using the  axial equi l ib-  
r i u m  condition given by equation ( 5 )  , and the  two remaining boundary conditions 
given by equations (16) and (l7). 
A 1 ,  A2, and A 3  gives t h e  following s e t  of a lgebraic  equations: 
Expanding these three  equations i n  terms of 
where 
a11 = - 4’ (vx - vw,,)sin e 
l + k  
a12 = 0 
- - + 2 1  Kw,x s i n  e ( - v x v $ ) ~  e a13 = (. - vw,xvw,r) s i n  a 
10 
1 - k  + -cot e - s i n  a 
a31 = c o s ( 8  - a )  
s i n  e s i n ( @  - a )  + (1 - 2vx)e - 5 PX 
pa2 
B1 = (1 - a,,,) sin a 
B2 = -tan(@ - a )  
- 2 -  s in(8  - a )  s i n  a 
s i n  e c o s ( e  - a )  
B3 = 
Kw,r 
Solving equation (32) for A l ,  A2, and A 3  successively yields ,  
11 
For a given orthotropic tank, the displacements and stress resultants due 
to internal pressure and axial compression can now be determined from equa- 
tions (24) to (31) and (33) to (35).  
except the axial stress resultants contain only the constant A 1 .  Therefore, 
it is convenient to use the expression for 
axial stress resultants as follows: 
Note that all of the stress resultants 
A3 (eq. (35))  , to reformulate the 
Now, all of the stress resultants can be determined for a given tank by using 
equations (26) to ( 2 9 )  for N $, 
(37) for Nx and N, where A 1  is given by equation (33) .  
M$, $a(, and NWJT, and equations (36) and 
A specific case of interest is the homogeneous, isotropic tank. For this 
2k 
l + k  
case it is convenient to write the stress resultants in terms of = -A1 Y 
where k reduces to - h2 , to give 
12a2 
e (39) 
12 
- _  9 -  - -A1 s i n  # 
Pa 
(40) 
e s in(8  - a) 
--+2e 
a px 
(42) 
s i n  a 
h w  s i n  e 
h s in  a 
(1 - 2v) 
5 = v ( 1  + K1 cos $) + ~~ ~ 
Pa 
e sin(8 - a )  a Px 
s i n  a 
(43) 
s i n  8 h - + 2 - e  
(1 - 2v) 
- a) - A1 s i n  a + ~ - - -  3 - Pa 
hW s i n  a 
where 
1 h w  s in(8  - a )  - - - - 2 h  
(44) A1 = . -  
sins+--+ hw( e - cos e j + - - - + C O S  1 h f e  0 - 2 s i n  8 
4h s i n  8 4k h s i n  8 e 
I\ 
For reasonable values of k = - hC A1 i s  small and normally may be neglected 
12a2’ 
i n  t h e  expressions f o r  t h e  membrane s t r e s ses  N g ,  %,r, Nx, and Nw,x- 
A comparison of t h e  present solut ion with t h a t  from reference 3 shows t h a t  
t he  a x i a l  s t r e s s  r e su l t an t s  Nx and Nw,x d i f f e r ;  however, the  s t r e s s  result- 
an t s  PI$, ?, 9, and NW,, a r e  i n  complete agreement. 
Nw,x due t o  
Pa 
Nx and pa The present nondimensional a x i a l  stress r e su l t an t s  
i n t e rna l  pressure alone a r e  p lo t t ed  against  
h 
an eight-lobe i so t ropic  tank with 
The terms containing A 1  
resu l tan ts  from equations (42) and (43) f o r  these cases. 
8 - a i n  figures 3, 4, and 5 f o r  
v = $, and h~ -- 1, $, and 2, respectively.  
are found t o  be negl igible  when computing the  stress 
- 
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RESULTS AND DISCUSSION 
Expressions f o r  nondimensional s t r e s s  resu l tan ts  and displacements a re  
given f o r  orthotropic tanks loaded by in t e rna l  pressure and a x i a l  compression. 
Simplified expressions f o r  t he  nondimensional s t r e s s  resu l tan ts  a r e  a l so  given 
for the  case of i so t ropic  construction. A comparison of the  present r e su l t s  
for i so t ropic  construction with t h e  r e su l t s  of reference 3 shows t h a t  t he  
s t r e s s  resu l tan ts ,  N6, 9, &91, and Nw,r ,  are i n  agreement witk: t he  previous 
r e su l t s .  However, t he  a x i a l  stress resu l tan ts  Nx and N,, d i f f e r  s ign i f i -  
cant ly  from t h e  r e s u l t s  i n  reference 3. 
I n  f igures  3, 4, and 5 t he  present nondimensional a x i a l  stress resu l tan ts  
NW,, and - due t o  in t e rna l  pressure alone are p lo t t ed  against  8 - a f o r  NX - 
Pa Pa 
1 an eight-lobe i so t ropic  tank with v = -, = 1, and 2, respectively.  (It 
3 h  2' 
should be noted t h a t  0 - a can not be greater  than 90° due t o  geometric con- 
s t r a i n t s ,  i . e . ,  when 8 - a = go0, t he  p a r t i a l  cylinders a re  tangent t o  the  
r ad ia l  webs a t  t he  junctions.  When 8 - a = 0, the  mul t ice l l  tank degenerates 
i n t o  a cylinder with r a d i a l  webs.) 
f o r  t he  solution i n  reference 3, a re  a l so  presented. Note t h a t  the  nondimen- 
s iona l  a x i a l  s t r e s s  resu l tan ts  from reference 3 imply t h a t  t he  a x i a l  s t r e s ses  
i n  the  p a r t i a l  cylinders and radial webs a re  equal. When 8 - a = 0 i n  f i g -  
from t h e  present analysis  i s  nearly twice the  value given by ref- ure  3 ,  - 
Pa 
For comparison, the  a x i a l  s t r e s s  resu l tan ts  
NX 
Nw,x erence 3, while - from the  present analysis  i s  l e s s  than half  the  value 
from reference 3. The cause of t h i s  large discrepancy i n  the  a x i a l  s t r e s s  
resu l tan ts  i s  eas i ly  recognized by comparing the  expressions fo r  t he  a x i a l  
stress resu l tan ts  (eqs.  (42) and (43 ) )  with the  corresponding expression from 
reference 3 (eq. (38) i n  r e f .  3 ) .  For v = 0 i n  equations (42) and (43) the  
a x i a l  s t r e s s  resu l tan ts  agree with the  previous r e su l t s .  Therefore, t he  dis-  
crepancy between the  present r e s u l t s  and those from reference 3 i s  due t o  a 
Poisson's r a t i o  e f f ec t  which has been ef fec t ive ly  neglected by the f a i l u r e  
of the  previous analysis  t o  enforce compatibility of t he  a x i a l  s t r a ins .  
Pa 
CONCLUDING REMARKS 
Expressions f o r  nondimensional stress resu l tan ts  and displacements a re  
derived f o r  mul t ice l l  tanks of orthotropic construction loaded by in t e rna l  
pressure and a x i a l  compression. Simplified expressions f o r  the  nondimensional 
s t r e s s  resu l tan ts  a r e  a l so  given f o r  t he  i so t ropic  tank. The present analysis  
removes the  ax ia l - s t r a in  incompatibil i ty appearing i n  a previous analysis  f o r  
mul t ice l l  tanks of i so t ropic  construction. With t h i s  incompatibility removed, 
the axial stresses differ significantly from the previous results; however, all 
the other stresses are in complete agreement with the previous results. 
Langley Research Center, 
National Aeronautics and Space Administration, 
Langley Station, Hampton, Va., February 23, 1965. 
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